Abstract. Let M be a 3-manifold, compact with boundary and Γ its fundamental group. Consider a complex reductive algebraic group G. The character variety X(Γ, G) is the GIT quotient Hom(Γ, G)//G of the space of morphisms Γ → G by the natural action by conjugation of G. In the case G = SL(2, C) this space has been thoroughly studied.
Introduction
Representation varieties of fundamental groups of 3-manifolds have been studied for a long time. They are important on one hand, to understand geometric structures on 3-manifolds and their topology as Thurston's work [Thu80] has shown and, on the other hand, to obtain more refined topological information on 3-manifolds as in the Culler-Shalen theory [CS83] .
The dimension of the character variety of π 1 (M ) on PSL(2, C) (where M is a cusped manifold) at the representation corresponding to a complete finite volume hyperbolic structure is exactly the number of cusps (see [NZ85] where it is shown that, in fact, that representation is a smooth point of the character variety). A general bound was established by Thurston and made more precise by Culler-Shalen: the dimension of irreducible components containing irreducible representations with non-trivial boundary holonomy is bounded below by the number of cusps. In fact there are examples of irreducible representations with arbitrary large dimensions associated to hyperbolic manifolds with even only one cusp.
The proof of the bound given in both Thurston and Culler-Shalen uses trace identities for SL(2, C) which are difficult to work with in the higher dimensional case.
This work was supported in part by the ANR through the project "Structures Géométriques et Triangulations".
In this paper we obtain a bound on the dimension of irreducible components which contain representations satisfying reasonable genericity conditions. They include a notion of irreducibility and one of boundary regularity.
We first explain our result for SL(n, C). Although a particular case of our general result, it is simpler to state and contains the essential idea. We prove the bound assuming that the image of the representation is Zariski dense and that the image of the fundamental group of the boundary is regular in the sense that each image of a boundary fundamental group has centralizer of minimal dimension (equal to the rank n − 1 of SL(n, C)). Note that the boundary regularity condition in the SL(2, C) case simply means that the image is not central for each boundary component.
We consider next representations into complex reductive affine algebraic groups. We use the general definitions of irreducibility as in Sikora [Sik12] and the notion of regularity in reductive groups following Steinberg [Ste65] and prove the main Theorem 5.
A special case of the theorem occurs when M is a cusped hyperbolic manifold and ρ : π 1 (M ) → SL(n, C) is the representation obtained by composing a representation π 1 (M ) → SL(2, C) obtained from the hyperbolic structure with the irreducible embedding SL(2, C) → SL(n, C). That representation is called a geometric representation and the dimension of the irreducible component of the character variety X(Γ, SL(n, C)) containing it was first described in [MFP12] (see also [BFG + 13, Gui13]). Evidence that this bound was valid for all components containing irreducibles was obtained in computations of the character variety for the figure eight knot fundamental group into SL(3, C) [FGK + 14, HMP15]. In this case, irreducible components containing irreducible representations are all two dimensional. Moreover each component contains Zariski-dense and boundary regular unipotent representations already computed in [Fal08] (see also [FKR14, CUR] for other examples).
One can use the results on local rigidity [BFG + 13] in order to prove that a component seen by the Deformation variety of an ideal triangulation (defined in [BFG + 13]) verifies this bound. We do not discuss this here, going straight to the proof which does not use triangulations.
As a final remark, we should note that an a priori bound on the dimension of irreducible components certainly simplifies effective computations as in [FGK + 14] by eliminating the need to checking the existence of lower dimensional components.
We thank Y. Benoist, P. Dingoyan, S. Diverio, P.-V. Koseleff, F. Rouillier, P. Will and M. Thistlethwaite for many discussions.
A simple case
Before going to precise definitions in the framework of algebraic groups, let us sketch the proof in a simple yet interesting case. Namely, in this section we assume G = SL(n, C). It contains the original statement of Thurston (for the group SL(2, C)). Recall that its dimension d is n 2 − 1 and its rank r is n − 1: this is the minimal dimension of the centralizer of an element.
Let M be a 3-manifold, compact with boundary. Let t be the number of torus boundary components. We fix for each torus boundary component an injection (denoted by an inclusion) π 1 (T ) ⊂ Γ . In other terms, for each of these torus boundary component, we choose a lift in the universal covering of M .
We want a lower bound on the dimension of components of X(Γ, G) = Hom(Γ, G)//G. So consider an irreducible component R 0 of Hom(Γ, G) and X 0 its projection in X(Γ, G). We work with two assumptions on an element ρ 0 ∈ R 0 . One assumption should be a form of irreducibility for the whole representation ρ 0 . The second assumption is a regularity assumption for the image under ρ 0 of the fundamental groups of the torus boundaries. In the first version of our theorem, we assume:
• Zariski-density: ρ 0 (Γ) is Zariski-dense in G.
• Boundary regularity: For any torus boundary component T ⊂ ∂M , ρ 0 maps π 1 (T ) to a regular subgroup of SL(n, C), i.e., every subspace on which elements in ρ 0 (π 1 (T )) act by homothety is a line. The second assumption is for example satisfied if the image of π 1 (T ) is diagonalizable and every global eigenspace is a line, or if this image is unipotent and fixes a unique flag. It implies that the number of invariant subspaces is finite. It implies moreover that the centralizer of the image of π 1 (T ) has dimension n − 1.
We get the following particular case of the general theorem:
Theorem 1. Let X 0 be the projection in X(Γ, G) of an irreducible component R 0 of Hom(Γ, G) containing a representation ρ 0 which is Zariski-dense and boundary regular. Then we have:
Note that the case of ρ 0 being the geometric representation is not handled by this theorem, as the representation is not Zariski-dense. It will be handled by the general case, see theorem 5.
Proof. Let us sketch the proof, inspired by Thurston and Culler-Shalen [CS83] . It works by induction on the number t of boundary tori. Initialization: t = 0. The inequality dim(X 0 ) ≥ −(n 2 − 1)χ(M ) in this case is very general and was already known by Thurston. We give a proof in section 3.2. Note that if χ(M ) is non-negative the formula does not carry any information. Propagation: t − 1 → t. Let T be a torus boundary in ∂M . We first use Lemma 2. There exists an element γ of Γ such that ρ 0 (π 1 (T )) and ρ 0 (γ) generate an irreducible representation of the subgroup of Γ generated by π 1 (T ) and γ. Proof. By the boundary regular assumption, ρ 0 (π 1 (T )) has a finite number of stable subspaces. By Zariski-density of ρ 0 (Γ), we find an element γ ∈ Γ such that ρ 0 (γ) does not stabilize any of these subspaces. Hence ρ 0 (γ) and ρ 0 (π 1 (T )) spans an irreducible subgroup of G.
Remark 1.1. Using section 4.4 in [Tit72] , one may prove the above lemma (and then the theorem) with a mildest irreducibility assumption and a different kind of regularity: namely that the Zariski-closure of ρ 0 is almost simple and irreducible, as e.g. the image of SL 2 (C) under the irreducible representation and the boundary torus is mapped on a non trivial diagonal subgroup. This would be applicable to the geometric representation. However we will not precisely discuss this, as this will be handled by the general theorem. Now, following Thurston and [CS83], we drill along γ in M . We get a new 3-manifold M with a new genus 2 boundary component denoted by Σ 2 and t − 1 torus boundary components. Let δ be a meridian of the new handle of Σ 2 (δ is an element of π 1 (Σ 2 ) whose normal closure N (δ) in Γ is the kernel of the map Γ → Γ). Denote by Γ its fundamental group. We have an inclusion π 1 (Σ 2 ) ⊂ Γ and a surjective homomorphism Γ → Γ. Summarizing:
We obtain therefore a natural injection Hom(Γ, SL(n, C)) → Hom(Γ , SL(n, C)), that we see as an inclusion. Let V ⊂ Hom(Γ , G) be an irreducible component containing R 0 . Then R 0 is an irreducible component of the subvariety:
Let Res be the restriction map:
Res : Hom(Γ , SL(n, C)) → Hom(π 1 (Σ 2 ), SL(n, C)).
We rephrase the previous remark on R 0 by saying that it is a component (in the variety V ) of the preimage of the subvariety
of the variety V = Hom(π 1 (Σ 2 ), SL(n, C)) by the regular map Res. We summarize the construction in the following maps:
We now use:
is a smooth point of both S and V .
Proof. It is not difficult to prove that under our hypotheses, using fundamental results on the character varieties of surface groups (see Theorem 4). A general version of this lemma will be stated in section 2.1.2. Observe first that τ 0 is irreducible, hence a smooth point. The dimension at τ 0 = Res(ρ 0 ) of V is 3(n 2 − 1) and τ 0 .
Secondly, the dimension of S equals the dimension of Hom(π 1 (T ), SL(n, C)), which is n 2 + n − 2 (here we use the regularity hypothesis: the dimension of the centralizer of τ 0 (π 1 (T ) is the rank r = n − 1) plus the dimension of the representations of < γ > which is n 2 − 1. As it is the minimal possible dimension (again by the regularity hypothesis), it is a smooth point.
Computing the difference, we get n 2 − n.
A crucial yet elementary point is the following proposition:
Proposition 1. Let f : V → V a regular map between irreducibe algebraic varieties and S ⊂ V a subvariety. Let p ∈ V be such that f (p) belongs to S and moreover is smooth for both S and V . Let codim(S) be the maximal codimension of an irreducible component of S in V . Then, any irreducible component of f −1 (S) containing p has codimension at most codim(S).
Proof. Let C be a component of f −1 (S) containing p. Up to restricting to an irreducible component of S containing f (C), we may assume S to be irreducible.
We note that the set C good of points p in C whose image is a smooth point of both S and V is Zariski-open. Indeed, the sets V smooth and S smooth are Zariski-open subsets respectively of V and S. In turn, S ∩ V smooth is a Zariski-open subset of S. Hence, the set S good = S smooth ∩ V smooth is a Zariski-open subset of S. Taking its preimage by f , we get the subset
Moreover, C good is not empty as it contains the point p. As the subset C smooth of smooth points of C is another non-empty Zariski-open subset of C, we conclude that they intersect non-trivially. So, up to changing the point p for a point in this intersection, we may assume that C is smooth at p.
The map f induces a Zariski tangent map
Now, from the smoothness considerations we made, we get the equalities:
We do not have any smoothness information about p inside V , but we still have the general property that dim(
Eventually, we get the desired inequality:
Remark 1.2. The smoothness hypothesis above is essential, otherwise one needs other assumptions (cf. [Mum76] Theorem 2 pg. 48).
As a corollary, using Proposition 1, we conclude that the codimension of R 0 in V is at most n 2 − n.
By induction, (we are working at the level of representation variety, so there is an additional n 2 − 1):
The upper bound for the codimension of R 0 grants that:
Now projecting to X(Γ, G), we loose n 2 − 1 dimension (as ρ 0 is irreducible):
Background on character varieties and reductive groups
We now proceed with the general result, beginning with some definitions and results on algebraic groups and regularity, character varieties and irreducibility and character varieties of surface groups. This will lead to a general theorem whose proof is essentially the same as before. Let G be an affine reductive algebraic group of dimension d and whose center has dimension z. Suppose Γ is a finitely generated group.
Character and representation varieties.
Our reference for character varieties is the paper of Sikora [Sik12] .
2.1.1. Generalities. The set of all homomorphisms Hom(Γ, G) is an affine variety. The action of G on Hom(Γ, G) is algebraic but the set theoretical quotient Hom(Γ, G)/G is not necessarily an affine variety. For that reason one works with the categorical quotient Hom(Γ, G)//G. It is an affine variety such that the projection
is constant on G-orbits and such that any morphism from Hom(Γ, G) to an algebraic variety, which is constant on orbits, factors through the projection. It exists with our hypothesis that G is reductive.
Remark 2.1. Let R 0 be an irreducible component of Hom(Γ, G) and X 0 its projection to X(Γ, G). At a generic point ρ, one may compute the dimension of R 0 and X(Γ, G) as the dimension of the Zariski tangent space. Let Z(ρ) be the centralizer in G of ρ(Γ). It is the subgroup of G fixing ρ when acting by conjugation. We have then that dim(
In any case, we have
Remark 2.2. It is known that Hom(Z⊕Z, SL(n, C)) is an irreducible variety [Ric79, Theorem C]. Also, as Hom(
is an irreducible variety.
2.1.2. Dimension of representation varieties for surface groups. The most studied representation variety is the case where Γ is a surface group. In particular, dimensions of character varieties were computed by Weil ([Wei60] ). We refer to Goldman's paper for a modern presentation.
Theorem 4 (Thm 1.2 in [Gol84] ). Let G be a reductive group, π be the fundamental group of a closed oriented surface of genus g and τ belong to Hom(π, G). Let Z(τ ) denote the centralizer of the image of τ . Then the dimension of the Zariski tangent space at τ to the space Hom(π, G) is
Moreover, if the representation τ is irreducible then τ is a smooth point.
2.2.
Irreducibility and regularity in algebraic groups. In this section, we review hypotheses needed to replace the so-called "irreducibility" and "regularity" of the case G = SL(n, C). We want to deal with semisimple or reductive groups. The natural framework is then the rather general theory of algebraic groups.
2.2.1. Reductive groups. Let G be the points over C of a reductive algebraic group. Let d be its dimension, z the dimension of its center and r + z the minimal dimension of the centralizer of an element in G: r is the rank of the semisimple part G/Z(G), or the dimension of a maximal torus included in this semisimple part.
Recall that in the cases of PGL(n, k) or SL(n, k), we have d = n 2 − 1, z = 0, r = n − 1.
2.2.2. Irreducibility and strong irreducibility. We recall the general notion of irreducibility, as given in [Sik12] :
Definition 2.1 (Irreducibility). We say that ρ ∈ Hom(Γ, G) is irreducible if its image is not contained in any parabolic subgroup of G.
Recall from [Sik12] the following property:
Proposition 2 (Prop. 13 in [Sik12] ). If ρ is irreductible, the centralizer in G of ρ(Γ) is the center of G.
We will need a slightly stronger notion of irreducibility known as strong irreducibility:
Definition 2.2 (Strong irreducibility). We say that ρ ∈ Hom(Γ, G) is strongly irreducible if the image of none of its finite index subgroups is contained in any parabolic subgroup of G.
Let us note that this is a quite natural and usual notion in the context of discrete subgroups of SL(n, C) or linear representations where it is rephrased as the fact that no strict subspace has a finite orbit under the group. Several appearances of this notion can be given, from divisible convex sets in [Ben05] to random walks in groups [GR89] and finite groups representations [Gro90] or problems of commensurability of subgroups in the special linear group [LR99] .
Regularity.
Definition 2.3 (Regularity). Let H be a commutative group in G. We say that H is regular if its centralizer in G has the minimal dimension r + z. Now let M be a compact 3-manifold with boundary, Γ its fundamental group. As before, for each torus T we fix an inclusion π 1 (T ) ⊂ Γ. We will always assume that the boundary of M is not empty. For G = PGL(n, k) or SL(n, k), (the subgroup generated by) a single element is regular if and only if all its eigenspaces are lines. A semisimple element (in the framework of algebraic group) is regular but a regular unipotent (as in [Gui13] ) is regular too.
The general case
We may now state the general theorem:
Theorem 5. Let G be a complex reductive group of dimension d and rank r and whose centre has dimension z.
Let M be a compact 3-manifold, whose boundary is non-empty and contains t torus components. Denote by Γ its fundamental group. Let R 0 be an irreducible component of Hom(Γ, G) containing a strongly irreducible and boundary regular representation ρ. Let X 0 be its projection in the character variety X(Γ, G). Then
3.1. A general version of key lemmas.
Lemma 6. Let ρ be a strongly irreducible, boundary regular representation of Γ in G and T be a torus boundary component.
Then there exists γ ∈ Γ such that the subgroup of G generated by ρ(π 1 (T )) and ρ(γ) is irreducible.
Proof. Modding out by the center of G, we may assume that G is semisimple (the irreducibility assumption is preserved, see [Sik12, Lemma 11]). We obtain the lemma by using results on regular elements given by Steinberg [Ste65] .
By hypothesis, the Zariski-closure G of ρ(Γ) is not contained in any parabolic subgroup of G and neither is any of its finite index subgroup. Moreover the subgroup H = ρ(π 1 (T )) is a regular subgroup of G. From Steinberg [Ste65] , we know that it is included in a finite number of Borel subgroups of G. On the other hand, for each Borel subgroup, there is only a finite number of maximal parabolic subgroups of G containing it [Hum95, Section 0.8]. Hence H is included in a finite number of maximal parabolic subgroups of G.
Consider the set A of elements g ∈ G such that the subgroup generated by g and H is not contained in any parabolic subgroup of G. Its complement is the union of the finite number of maximal parabolic subgroups of G containing H. subgroups of G. The intersection of each of these parabolic subgroups with G is a closed subgroup of G . Moreover, as G is neither contained nor virtually contained in any parabolic subgroup, this closed subgroup is a proper parabolic subgroup of G of positive codimension (it is not a finite index subgroup). Hence the complement of A is Zariski-closed in G and A ∩ G is the intersection of a finite number of non empty Zariski-open subsets of G whose complement has positive codimension.
As G is the Zariski-closure of ρ(Γ), there exists an element γ ∈ Γ such that ρ(γ) belongs to A. Therefore ρ(γ) and ρ(π 1 (T )) are not included in any parabolic subgroup: the group they generate is irreducible.
Lemma 7. Let τ 0 be an irreducible representation of π 1 (Σ 2 ) in G and with a symplectic basis of homology α, β, γ, δ. Suppose τ 0 (δ) = 1 and τ 0 (< α, β >) is regular.
Then the codimension in Hom(π 1 (Σ 2 ), G) of the subvariety S defined by τ (δ) = 1 is at most d − r. Moreover, τ 0 is a smooth point in both the subvariety S and Hom(π 1 (Σ 2 ), G).
Proof. By [Gol84, Prop 1.2] reviewed before (see Theorem 4), the irreducible representation τ 0 is a smooth point of Hom(π 1 (Σ 2 ), G) and the dimension at this point is 3d + z.
Let us now compute the dimension of the subvariety S defined by τ (δ) = 1. A point in this variety is given by the image of the group generated by α, β and γ. Moreover, from the presentation of π 1 (Σ 2 ) and the condition τ (δ) = 1, we get that the images of α and β commute. So the dimension of S is the dimension at (τ 0 ) | α,β of the space of representations of Z 2 -i.e. the fundamental group of the torus -plus the dimension of the representations of γ. This gives (applying again theorem 4) that the dimension of the Zariski-tangent subspace at τ 0 to the subvariety S is (d + r + z) + d. As it is the minimal possible dimension for a Zariski-tangent subspace of S (by the regularity hypothesis), we get that τ 0 is a smooth point of S.
We conclude that the codimension is at most d − r as announced.
3.2.
When no boundary component is a torus. We can follow stepby-step the presentation of Culler-Shalen [CS83] in this case. We get:
Proposition 3 (No torus boundary component). Let M be a compact 3-manifold whose boundary is non empty ans does not contain a torus component. Let G be a real or complex algebraic group of dimension d. Then for any irreducible component R 0 of Hom(Γ, G) and X 0 its projection in X(Γ, G), we have : dim(X 0 ) ≥ −dχ(M ) + z.
Proof. Following remark 2.1, we want to prove dim(R 0 ) ≥ −dχ(M ) + d. We assumed that ∂M = ∅. Then M has the homotopy type of a finite 2-dimensional CW-complex with one 0-cell, m 1 1-cells and m 2 2-cells. The Euler characteristic of M is then 1 − m 1 + m 2 .
This decomposition gives a presentation Γ = g 1 , . . . , g m 1 | r 1 , . . . , r m 2 .
In other terms, Hom(Γ, G) is the preimage under a regular map from G m 1 to Γ m 2 of the point (1, . . . , 1) ∈ G m 2 . As an application of fact 1 the dimension of any irreducible component -e.g. R 0 -is greater than n · (m 1 − m 2 ) = −dχ(M ) + d.
3.3. Conclusion. Replacing both lemmas of the proof in the simple case by their general version above, replacing n − 1 by r and n 2 − 1 by d, we readily get the announced lower bound: dim(X 0 ) ≥ r.t − dχ(M ) + z. 
